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Dually weighted graphs (DWG) partition function
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Arises from a matrix model t

Old and new problems:
A counting of graphs, polyhedra,t i | i ngs, é

A 2d Quantum Gravity

Dual weights control

our focus: local curvature

close to flat space

Kazakov ®8% Davi d

sum over surfaces Kazakov,Kostoy, Mi gdal 685

Kazakov,Staudacher Wy nt er 696

Lattice model of AdS,, ?

http://www.geom.at/fade2d/html/



Recent motivation T Jackiw-Teitelboim (JT) gravity

Gravity theory in AdS,, fascinating dualities with matrix models Saad, Shenker, Stanford 01
as well as AdS,/CFT, [see talk of T. Mertens] Witten, Mirzakhani

Can we study it using DWG ?



DWG I I latrlx I I IOdeI Das, Dhar SentguptaWadya 6 9 0
Kazakov,Staudacher Wy nt er 0695

DWG partition function from matrix model

1 Q+1 1 A = fixed Hermitian matrix
Zn(t, ) = /DM exp N tr —§M2 + Y Zty(AM)Y
q=1

Dual weights:

Goal: compute observables like (TrM™) and (Tr(AM)™) , explore continuum limit



Plan

A Solution of DWG matrix model
A Special case: quadrangulations

A Critical regime and new results



Solving the matrix model

Kazakov, StaudacherWynterd 9 5 , 696



DWG Matrix Model and sum over Young tableaux

Di Francescoltzyksond 9 3
Q+1 ) Kazakov,Staudacher Wy nt er

Zn(t,t7) = /(dN M) exp (%trM2 + Z %tqtr(AM)q
g=1

Cannot reduce to eigenvalues like usual MM, instead use characters

Q+14 Qi
exp tr ( > —tq(AM)q) = > x(nylt] xqny (M A) = P dim,, X xgny [ Ix gy (M) tg = %tmq
g=1 14 {n} yd {n}
angular integration MA — MQVTAQ, Q€ SU(N)
i=N sum over Young
tableaux
| | | | xnltl = 1<d%t<NPh-—j+1[t]a
) h; =1 — 1+ # boxes in row 17 Schur character: oo
! Y 2" Pylt] = exp ( o zmtm)
n=1
1 =1

What remains is a Gaussian integral of character



DWG Matrix Model and sum over Young tableaux

Di Francescoltzyksond 9 3
Kazakov,Staudacher Wy nt er

Result for partition function:

[1;(he — 1)1RON
Zn(t,t") =c(N) > Lt
{he,ho} H’L,j(h’z — hj)

X{ny [t] Xqny[E7]

i=N
Large Young tableaux dominate at large N
; h; =i — 1+ # boxes in row i Saddle point applies T a single big Young tableau!
h; ~ N
h$, hY --even and odd ~ NZCD)
shifted highest weights X{n}




Characters at large N

Kazakov,Staudacher Wy nt er 09

H(R) = a p(s)ds

p=1 h—hi/N ~Jo h-s
h
We use the identity for Schur polynomials
N ,
L = X{h—I—Lék}[t] _ N dlm(-h+L5k)elog£rﬁ?—m%—log%= % 0 (1+ L )BLF(hk)
=1 X{ntl =1 dim(h) k=1 j(#k) hj — hy
X{h} II}J‘II{]II
where F(hy) = 9y, l0g dim(h) k [T T TT1]
dh R L

_ dg _j_
t, = mITE = ¢ Lgttn
So we get tr, ngH 5 [g(h)] 59 (9)
o(h) = o~ HW~F ()

Similarly (tr(M A)%) = %gL—lh(g)
H



Algebraic curve of DWG

From these contour integral representations it follows
Q+1

Q+1 V(g) = 2 thgq
h = Z tq9q+ Z (MA)k =
tr 1
W(g) = (N —A
—F(h)—H(h)

l.e. to obtain the correlators we compute and invert the function g(h) =e

Algebraic curve:

—_1)@-1 Q
he H(h) — ( t) H gq(h)
Q qg=1

Product over Q sheets of Riemann surface of g(h)

Algebraic curve + saddle point equation = solution of the model



DWG solution for quadrangulations



Disc Quadrangulations

Particular case: counting quadrangulations of sphere and disc

Here we impose :
*
tg = A0g,4

Picture from:
arxiv-1904.11229

We study (for the sake of simplicity) quadrangulations
with even vertices and exponential weights:
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A g
t2 — ABQ/E , t4 = )\ , t2n — Aen_Q = QV,(Q) — E ((/82 - 1)92 + 1 — 6292>

Kazakov, StaudacherWynter®6

we canrescale e — 1



Elliptic Riemann Hilbert problem

From algebraic curve:

Saddle point eq.:

Solution:
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Elliptic Riemann surface of



